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Abstract--Some new oscillation criteria for the even order damped functional differential equation 
(a(t)z(n-1)(t)) ' ÷ p(t)lz(n-1)(Ol#x(n-a)(O ÷ q(t)f(xIaa(t)] . . . . .  =Lq.~(t)]) = 0 
are established, where ~ _> O. These criteria are an extension of some of the known results. 
1. INTRODUCTION 
Recently, Grace and Lalli [1] discussed the oscillation of the nth-order functional differential 
equation 
(a(t)x("-a)(t))  ' + p(t ) lz(" -a)( t ) l%("-~)(t )  + q(t)f(z[g(t)])  = 0 
where/~ > 0, n is even. 
In this paper, we establish some new oscillation criteria for the nth-order damped functional 
differential equation 
(aCt)zC"-l)Ct))' + pCt)lz("-l)(t)l~z("-x)(t) + q( t ) f (x [g l ( t ) ] , . . . ,  z[gm(t)]) = 0 (1) 
where/~ >_ 0, n is even. 
In what follows, we restrict our discussion to nontrivial solutions of Eq.(1) which are indefinitely 
continuable to the right. The oscillatory property is considered in the usual sense, i.e. a solution 
of Eq.(1) is called oscillatory if it has arbitrarily large zeros, otherwise it is called nonoscillatory. 
Eq. (1) is said to be oscillatory ff every solution of Eq.(1) is oscillatory. 
In the sequel we will assume the following conditions: 
(a) a, p, q: [to, ~)  ---, [0, ~)  are continuous, a(t) > O, q(t) is not eventually identically zero; 
(b) f : R m --* R is continuous, i fyl  _< z i , i=  1,2, . . . .  m, then f (Y l ,  Y2, . . .  ,Ym) _< 
<_/(zl, z2 , . . .  , z~), and 
f(Yl,Y2,... ,Ym) > 0 if Yi > 0 for all i, 
f (Y l ,Yz , . . .  ,Yra) > 0 if Yi < 0 for all i; 
(c) gi : [t0, oo) are continuous, i = 1,2, . . .  ,m,  gi(t) ~ oo as t --+ oo, and there exist differen- 
tiable functions ~q : [to, c~) ---, [0, or) such that 
~'i(t) = inf n~>n{s,gi(s)), b,(t) > 0 and ai(t) ~ oo as t ~ oo. 
(d) ~v, exist and ~ ~ a, > 0for y, ~ 0, i - -  1,2, . . .  ,m. 
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In this paper, we are interested in establishing oscillation criteria for Eq.(1) with the restriction 
that the functions p and q satisfying condition(a). In fact nothing much of significance is known 
regarding Eq.(1) when q has a variable sign (see an open problem 8 in [4]). 
The following three lemmas will be needed in the proofs of our results. The first two can be 
found in [3],and the third appeared in [1]. 
LEMMA 1. Let u be a positive and n-times ditferentiable function on [t0,co), If u(n)(t) is of 
constant sign and not identically zero in any interval of the form It1, co), there exists a tu > to 
and an integer l, 0 < l < n with n + l even for u(") > 0 or n + l odd for u (n) < 0 and such that 
I>0  implies that u (k) >0 for t >_ tu (k = 0,1,. .. , l -1 )  
l<n-1  implies that (-1)Z+ku (k) >0 for t>_t~(k=l , l+ l , . . . ,n -1 ) .  
LEMMA 2. Let u be (n - 1) times (n > 1) continuously differentiable on an interval [to, oo). Let 
also a(t) be a positive function on [to, co). Suppose moreover that for every t > to we have 
u(t) > o 
8uCn-i)(t) > 0 
___ 0 
and not identically zero for large t, where 6 = 4-1. Then there exists a positive constant M such 
that 
u(t/2) > MC ,[ t)t)tn-11.0"-1)(01 for all large t,  (2) - () 
where 
= max .(0). 
=/2<e<= 
LEMMA 3. Let 
1 p( , ) . , _# ~(t) (1 +_. a~-~(s) aS) ~ £(T, co) if /~ > 0 (3) 
fr fr p(r) 
co 1 exp( d r )ds -co  if /~=0 (4) 
.-53 
Then if z(t) is a nonoscillatory solution of Eq.(1), we must have z(t)z(n-z)(t) > 0 for all large t. 
2. MAIN  RESULTS 
THEOREM 1. Let conditions (a), (b), (c), (d), (3) and (4) hold. Suppose that there exists a 
continuously dilferentiable function p: [to, co) ~ [0, co) such that 
ill (e) limsupt-w:T_ 1 ( t -  s)'n-l p(s)q(s)ds < c0, t-.-*co 
and there exists a continuous function ¢ : [t0,co) ~ [O, co) such that 
(f) liminf-----= {(t - s)m-lp(s)q(s) - ~-~ (t - s) m-s (p(s) a*[ai(s)] 
t -*oo ~m--1 i----1 
[ (m-  1)p(s) - #~(s)(t - s)] 2 } ds ~ ~b(u), u ~ to. 
(g) , .-,ooj, o p(s) i=1 a*[o'i(s)] ds = co .  
then Eq.(1) is oscillatory. 
PROOF. Let z(t) be a nonoscillatory solution of Eq.(1). Assume that z(t) > 0 for t > to > 0, 
and choose a tl > to so that #i(t) >_ to for t >_ tl and z[#~(t)] > 0 for t > tl. By Lemma 3, there 
exists a t~ > tl such that z(n-1)(t) > 0 for t _> t2. If we apply Lemma I, using n - I instead of 
n, then there exists a t3 >_ t2 such that ~(t) > 0 for t > is. Choose a t4 > t3 so that ~ri(t) > 2t3 
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for t _> t4. It is easy to check that we can apply Lemma 2 for u = x ~ and conclude that there 
exists M > 0 and t5 > t~ such that 
• 1 2 ~-2n 
x[~o',(t)] > (n -  1)! ' 'r~-n(t) a[,r~(t)] .* [0,~ (t)] x ( " -  1)[o-, (t)] 
> Ma;-2(t) a(t)x("-l)(t) - a*(t) for t > ts. 
(5) 
Let 
Thus w(t) satisfies 
w(t) = . ( t )~c- 'x ) ( t )  
f(ae[lo'l (t)], . . .  , x[lo'm (t)]) " 
f ( z [g l ( t ) ] ,  . . . ,  x[gm(t)]) I x ( " - l ) ( t ) lax( - -1 ) ( t )  
(o(t) =-  q(t) f(x[½o-l(t),. . . ,  x[½~,,,(t)]) - p(t) f(  z[½cq(t)],... ,z[½o-,,,(t)]) 
1 w(t) ~ (gf(a:[½~rl(t)],... ,z[½am(t)]) 1 
-- 2 f (x[ lo ' l (g) ] '  " " " ' a:[l(rm(t)]) i=I 69Yi X[~o'i(t)] o'i(t). 
Using (a),(b),(d) and (5), we obtain 
Mw2(t) ~ °qan-2(t)#i(t) 
<_ -q ( t ) -  T i=1 a*[a/(t)] (6) 
SO 
p(t)q(t) < 
Integrating (7) for t, < u < t. 
, :1  . * [o ' , (0]  (7) 
~ '(t - ,)~-Ip(s)q(,) d, 
M t m _ . 
,=i t i t  )J 
p(u) , . (u )  - f ' ( t  - . ) " -~w( . ) [ (m - Z)p( . )  - p(s) ( t  - . ) ]d .  (t 
u) ra-1 
m 
M fur '~ 
~=., a*[~,~(s)] 
~,V/ -  ~ ._, ~_~ .,~?-2(,)~,(,))~ = (t - u)"-~vCu),~(,,) - { wC,)(t - ,)--~-(p(,) ~ :~ 
i - - I  
IV [ -  ~-  ,._s m 
,=~ ~ ) ~ttptsl - b(s) ( t -s)~2ds 
1 
+ ~-~-~( t - s )m-s (p(s )~ a '~-2( ' )# ' ( ' ) )  - '  i=1 ~ . [(m - 1)p(s) - ,b(s)(t - s)] 2 dt 
_< (t - . ) " -~v( . )~( . )  
+ ~ (t - s)~-s(p(s)  ~ ) Rm-  1)p(s) - ~(s)(t - t)] 2 ds. 
(8) 
(9) 
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Hence we have 
fu~( t - -  S) m- lp (s )q (s )  
1 s "m-s" "s" ~ a 'o '~-2(s )b ' ( ' ) ' - I  
2~. ( t -  ) tpt ) 2 . ,  ~ ) [ (~-  1)p(,) - b( , ) ( t  - , ) ]~d,  
i=1 a to'~ts)j 
___ (t - u) m-~ p(u)~(u) ,  u >__ ts. 
Dividing (10) by tm-! and taking the lower limit as t --~ co, using condition (f); we get 
We define 
~(u) __. p(u)w(u), u _> ts. 
u(t) --t---~-T_ 1 (t - a)m-2w(a)[(m - 1)p(s) - b(a)(t - s) lda, t > ts. 
M ~i ~ °lier'~-2(s)bi(s)ds, t> ts. l~(t) "" 2t--'~-~_ 1 (t -- $)m-1 ID2($)p(8) a*[o' i ($)]  
iffil 
From (8), we have 
1 
. (0  + ~(t) = t-~-:_r_~ (t - t s )m- lp ( ts )  - 
and condition (f) implies that 
liminft.~oo ~ ( t -  s )m- l  p(s)q(s)d8 _> ~b(u), 
and 
tm_ l  (t -- g) m-1 p(8)e(8 ) do. 
u>t .  
- lira inf 
|--*0o 
> ¢(t6) .  




lim sup (t - -  8) m-  1 p(8)q(8)  d8 
t'*co 
1 ( t -  s)m-a(p(s) E ai°'~-2(s)#'Cs))-t[(m 2Mtm-1 i=1 a* [eri(s)] - 1)p(s) -~(s ) ( t  - s)]2ds 
(13) 
{ t .} ,  tn > to, n=l ,2 , . . . ,  lim t .  = oo. (14) 
t-*oo 
such that 
lim 1 ~ i "  ~=~ ai°'~-2(s)~i(s) ) - I  
,--,co 2Mtm_z (tn -- a)m-S(p(s) . a*[o'i(s)] 
i=1 
[(m - 1)p(s) - p(a)(t .  - a)] 2 do < oo.  
Taking upper limit as t --~ oo in (12) and using condition (e), we have 
limsup {u(t) + v(t)} < p(ts)w(ts) - l iminf (t - s) m-I  p(8)q(s) do 
t-*co ~ 1-*00 
< p(ts)w(t . )  - ¢(t5) = k. 
Hence for all sufficiently large n 
(15) 
uCtn) + v(tn) < }, (16) 
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S ince  
v(t) = T (1 - t)m-lp(s)w2(s) a.[~,(s) ] 
t "  /=1 
is increasing in t > ts, we see that limt...oo v(t) = c, where c = co or is a positive constant. 
Suppose that c = co, then limn-.oo v(tn) = oo, by (16) we have 
lim u( tn )=-co .  
n- .~OO 
(16) and (17) lead to 
that is 
u(tn) + 1 < e, where 0 < ¢ < 1 is a constant, ,,(t.) 
(17) 
u(tn) < e-  1 < 0, for all large tn. (18) 
~(t.) 
On the other hand, by the Sehwarz inequality we have 
f u2(~.) = t~ -2m { [(m - 1)p(s) - ~(,)(t. - ,)1 (t. - ,)m-2w(,) d, }~ 
1-m [__t" s)]2(tn s)ra-S(P(s) ~d=l ad(r~-2(s)#~(s)'-l"a*[°'i(s)]  st" < {,.. J,~ [ (m-  x)p(,)  - ~(t .  - - .-_. 
f,i" ITS-" (t. - s) ''-~ u,'(s)p(s) ~ o,,,r~-'(s)~(s) ds] ,=~ , ' [ , , , ( s ) ]  
for all large tn. Then 
,~(t.) 
0< ,,(t.) 
2 f,  I" ~ ~'~?-~(s)~(s))-~ ds < Mtm_ 1 [(rn - l )p(s )  - p(s)(tn - s)]2(tn - s) m-3 (p(s) a,[o.d(s)] 
<co~ 
which contradicts (17) and (18). Hence lim¢...oo v(t) = c < co. Using (11) then we obtain that 
lira 1 ft l  s)'n-I~'(s)~-~'~'~-'(s)ir'(s) 
,.=.,~ ~ (t - p(s)' ~=3.  a*[o'i(s)] ds 
< lim 1 f m ai~;-2(s)#~(s) -- t"*°°~"m~--I Jt6(t--S)m-lw2(s)p(s) E " 'a*[a ' i (s ) ]  ds 
i--1 
-- c< oo.  
which contradicts condition (g). This completes the proof. 
EXAMPLE 1. The  equat ion 
1 ~:,,,), 1 =,,,)s t (~" Jr ~s in t (  +teost=[~]  = 0, t___ to > 0 
is oscillatory by Theorem 1 for p(t) = 1. 
THEOREM 2. Let conditions (a),(b),(c),(d),(3) and (4) hold. Suppose that there exists a contin- 
uous function ~: [t0,co) --~ [0,co) such that for any u E [t0,co), 
1 t 
(e) liminf----=, f ( t -  s)m-lq(s)ds > @(u) 
t -*~o tm-~ Ju  - -  ' 
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(f) ,~na @~(s) a.Wi(s)] de = so, 
iffil 
(g) ,li_m 1 --fu' t--&-TT_l (t - s ) rn -a (E  (~i'~-2(s)~ri(s)~-1 de = O. 
,=i  a'[~,i(,)] ' ' 
Then Eq.(1) is oscillatory. 
PROOF. Suppose that x(t) is a nonosciilatory solution of Eq.(1) for t _> to. Similar to the proof 
of Theorem 1, (6) holds, so 
q(t) _< -,i,(t)- ~-,o~(~) ~,__, ,~,,¢-~(t)~,(t) (19) 
Integrating (19)for t5 < u < t, 
u'(t - s)m-lq(s)ds 
I' <_ ( t  - , , ) " -~ , , , ( , . )  - ( ,~  - 1 ) ( t  - . ) ' - " ,o ( . )d .  
Mr '  ~ ~,~}~-'(,)~,(,) - -  T (~ -- ' ) rn - - l to2( ' )  a*[o' i(8)] ds 
i----1 
___ (t-,,) '~-lw(,,) - { ( t - . ) -~  w( . ) (~,  ~ ) 
i--1 
2 (t - .1"~(~.  ~,,r-"(,)e,(,) -~ i=I a" [a'i(s)] }2 ds 
I ~'  m ~io.~_~(s)Oi(s)-z 
+ ~-~ (t - s ) ra -s (E  a'[-i(s)] ) de 
i=1 
___ (t -- ,,)m-lW(~,) 
1 f '  m O~iff~-2(S)Oi($ ) -1 + ~-ff (t- ,)~-~(~ a'[~,(,)] ) ds. 
i--1 
(20) 
Dividing (20) by t m-1 and taking the lower limit as t --+ oo, we have 
¢(u) _ w(u), t5 _ u ___ t. 
we define functions 
1 f ~(t ) -  j,. ~m-1 (t -8)rn-2w(8)ds,  t ) t5 
2tin_ 1 ( t - s ) '~- lw2(s )  ds t > t5 ,=, a" [,,', ( ,)]  ' 
The rest of the proof follows exactly that of Theorem 1, and is omit. 
EXAMPLE 2. The equation 
1 1 1 x[~] - 0 
(T ~(~)(0)' +T "(~)(t) + 
is oscillatory by Theorem 2. 
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Now we consider the equation: 
( . (t)~c"- l )(t)) '  + r~t)l~C"-l)(t)lO~("-1) + q(t)f(t,z(t), z[gl( t ) ] , . . . ,  z[.qraCt)]) = 0 (21) 
where n is even,/~ > 0. The functions a,p,q,9i(i = 1,2,. . .  ,m) are as above. We assume that 
(b)' f : [to, o¢) × R '~+1 ---, R is continuous, f(t, z, 91,. . . ,  P,,,) is a nondecreasing function with 
respect o z,y l , . . .  ,Ym and 
f(t ,z ,  y l , . . . ,ym) >0 if z, yd >0,  i= l ,2 , . . . ,m,  
f ( t ,z ,  y l , . . . ,ym) <0 if z, yi < 0, i= l ,2 , . . . ,m.  
and there exists a continuously differentiable function ~b : R ---* R such that 
If(t,z,y~, . . . .  y,,,)l> h(t)l¢(y)l, y¢(y) > O, ¢'(y) > k > O, for y#O,  
and h(t) is a nonnegative continuous function which is not identically zero on any ray 
[to, oo), to ___ O. 
(c)' There is a continuous differentiable function ~r : [to,OO) such that 
a(t)=infmin{s, gl(s),.. . ,gm(s)}, ~(t )> 0 and o'(t)--+O as t~oo.  
s>_t 
Let x(t) be a nonosciilatory solution of Eq.(21) with z(t) > 0 for t > tl > t0 > 0. It follows as 
in the proof of Theorem 1 that there exists t5 > t0 such that ~(t) > 0, z("- l )(t)  < 0 and 
Letting 
we have 
a(t) ~n_2(t)z(n_l)(t ) t > th. 4[ cr(t)] > M a-- ~ , _ 




~,(t) < -q ( t )a ( t )  - ~-.--~(t)~(t)w~(0. (23) 
Thus similar to the proofs of Theorem 1 and 2, we can get the following theorems. 
THEOREM 3. Let conditions (a),(b)',(c)',(d),(3) and (4) hold. Suppose that there exist funtions 
p,¢ as in Theorem 1, such that 
(e)' limsup ~ p(s)q(s)h(s)ds < ~,  
$---*CO 
(f)' liminft..co t m-'l fu'{( t _ s)m_lp(s)q(s)h(s ) 
(t - s ) ' -~ ' r  ["(s)]  ,-n 2 7 ~ - ~ ~ )  [( - 1)p(s) - ~(s)(t - s)]~}d~ >__ ¢( . ) ,  u > to, 
(g)' lim --/t ¢2(S)~"-2(S)~(S) | 
t-*co ,]to ~ aS "- 00.  
Then Eq.(21) is oscillatory. 
THEOREM 4. Let conditions (a),(b)',(c)',(d),(3) and (4) hold.Suppose there exists a continuous 
function ¢ :  [to, c¢) --~ [0, oo) such that for any u e [to, o¢) 
1 t t  
(e)' l im~f t-~-~_  l (t - s)a-lq(s)h(s)ds >__ ¢(u), 
(f)' lim - -  [ '
¢2(S)~"-2(S)~(S) 
'-co.,',o a*[a(s)] ds = oo, 
(g)' li_m 1 --Jut s)'n-a a* [if(s)] (t -- a '~s)  ds = O. 
Then Eq.(21) is oscillatory. 
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